ABSTRACT
Ivan McBean
Alstom Power (Switzerland) Baden, Switzerland Perdichizzi Coordinates in the computational domain
ABSTRACT

For low-aspect-ratio turbine blades secondary loss reduction is important for improving performance. This paper presents the application of a viscous adjoint method to reduce secondary loss of a linear cascade. A scalable wall function is implemented in an existing Navier-Stokes flow solver to simulate the secondary flow with reduced requirements on grid density. The simulation result is in good agreement with the experimental data. Entropy production through a blade row is used as the objective function in the optimization of blade redesign and endwall contouring. With the adjoint method, the complete gradient information needed for optimization can be obtained by solving the governing flow equations and their corresponding adjoint equations only once, regardless of the number of design parameters. Three design cases are performed with a low-aspect-ratio steam turbine blade tested by
INTRODUCTION
ical Aerodynamic Design Optimization (ADO) problem is the optimizer. Because of its high eff ciency in calculating the gradient information needed in the optimization procedure, much research work has been done on the adjoint approach advocated by Jameson [15, 16] . It has been widely used in the aerodynamic design optimization for airfoils, wings, and wing-body conf gurations [15] [16] [17] [18] . However, there are only a few published applications to turbomachinery design optimization based on the adjoint method [19] [20] [21] [22] [23] [24] . Following previous success of an adjoint optimization method using the Euler equations for a threedimensional turbine blade by the present authors [24] , a continuous viscous adjoint method is adopted in this paper. With the adjoint method, the gradient information can be obtained by solving the Navier-Stokes equations and their corresponding viscous adjoint equations only once, regardless the number of design parameters.
The present paper reports the redesign of a linear turbine blade row by three different approaches: (1) restagger of the blade prof le in the spanwise direction; (2) combination of the restagger and blade prof le modif cation; and (3) end-wall contouring. The cost function is def ned as the sum of the entropy generation per unit mass f ow rate and a penalty function used to enforce the constraint of constant turning angle of the f ow. The formulations of the objective function, constraints, and design parameters are presented The different boundary conditions and the gradient formulae are derived and presented for the NavierStokes equations. The effects of stagger angle, blade shape and endwall prof le on secondary f ow are discussed.
VALIDATION OF THE FLOW SOLVER
In a fully-turbulent f ow, the boundary layer can be subdivided into three layers, a viscous sublayer, a buffer layer and a logarithmic layer. The logarithmic layer plays an important role in the mixing process. The wall shear stress cannot be computed accurately with a f nite-difference scheme unless the f rst grid point away from the wall is within the viscous sublayer. To remove such a stringent requirement on the computational grid, one may make use of the log law of the velocity prof le as expressed below to compute the wall shear stress u τ instead of using direct f nite-differencing of the velocity.
where κ is the von Karman constant, B is a constant related to the roughness of the wall, and δy is the distance from the wall.
Eqn. (1) is implicit for u τ for a given f ow velocity U at the point y = δy. Solution for u τ may encouter diff culties in convergence. Eqn.
(1) becomes singular at separation points where the velocity U approaches zero. For the above reason, the standard wall function is not particularly practical. Following the same implementation as in the commercial CFX solver, one can use an alternative velocity scale u * instead of u + in the def nition of y + :
where a 1 is 0.31 and k is the turbulence kinetic energy away from the wall. The above y + is then used in the log law to calculate u τ explicitly
The wall shear stress is then determined as
This is the so-called scalable wall function. In a fully-turbulent f ow, the turbulent kinetic energy is never zero in the f ow domain away from the wall and thus by applying Eqn.(6) the friction velocity u τ can be calculated even U approaches zero. Eqn. (5) indicates that should the calculated y + fall into the viscous sublayer, it is restricted to the lower limit of the log region. The corrected skin friction partly depends on the turbulent kinetic energy as shown in Eqn. (3) . Following Prandtl's assumption for the turbulent viscosity ν t = κu τ δy (8) k and ω can be updated and the wall functions for k and ω are specif ed as 
Figure 2. SHEAR STRESS DISTRIBUTIONS FOR THREE DIFFER-ENT GRIDS
A. Demonstration of the Wall Function in Flat-Plate Flow
In order to validate the applicability of the scalable wall function, the f ow over a f at plate is tested f rst. Here the f ow calculations are performed with three different grids, y + = 0.6, y + = 10, and y + = 50, respectively. Figure 1 presents the computed velocity prof les at the 50 percent axial location of the wall along with Spalding's formula. The suff x orig denotes solutions without the use of the wall func- Figure 2 presents the skin friction distributions along the wall. The predicted velocity prof les on the grids with y + = 10 and y + = 50 with the wall function agree well with Spalding's formula as well as that computed on the f ne grid with y + = 0.5 without the wall function. The shear stress distributions computed by the method with the wall function also match well with that computed on the f ne grid without the wall function. Those computed on the coarse grids without the wall function, however, deviates signif cantly from the log law and the result on the f ne grid. These results show that with the aid of the wall function, the velocity prof le and the wall shear stress can be correctly modeled even on rather coarse grids.
B. Simulation of Secondary Flow of a Cascade Blade
The test case for design optimization in this paper is the subsonic linear cascade investigated experimentally by Perdichizzi and Dossena [9, 10] . The isentropic exit Mach number is 0.7. The geometry data of the blade are shown in Table 1 .
The f ow solution is calculated with the k-ω SST turbulence model and a third-order Roe scheme. As shown in Perdichizzi's paper [9] , the local kinetic energy loss coeff cient can be def ned as:
where the subscript MS denotes mid-span, p t1 and p t2 denote the total pressure at inlet and exit respectively, p s denotes static pressure at exit, and the bar indicates mass-averaging. The secondary loss in the spanwise direction is def ned as the difference between the mass-averaged kinetic energy loss on each spanwise section and that on the mid-span. Four different grids are studied, with the grid density of 144×40×48, 200×40×48, 144×80×96 and 144×120×144, respectively. Computations on the f rst three grids included the use of the wall function, whreas no wall function is used on the fourth grid, which is extremely f ne and is assumed to resolve to the wall. Figure 3 presents the mass-averaged total pressure from inlet to exit. Figure 4 presents the secondary loss distributions in the spanwise direction. results where p 0 , β, ζ 0 , ζ p and ζ s denote total pressure, f ow turning, total loss, prof le loss and secondary loss, respectively. The computed prof le loss is close to the experimental value of about 1.75. However, the secondary loss is less than the experimental value of about 2.35. Despite this difference in absolute value, the computations on the four grids demonstrate an acceptable level of grid convergence of the solutions with the wall function. The optimization studies in the following part of this paper are performed on the f rst grid in order to save computational time. 
VISCOUS ADJOINT EQUATIONS
The implementation of the adjoint method was described previously for the Euler equations [24] . The variation of the cost function consists of two terms, one due to variation of the f ow f eld and the the other due to modif cation of boundaries. The variation of the f ow f eld δW depends implicitly on the variation of the geometry δF through the Navier-Stokes equations.
Following the approach by Jameson [15] , we multiply the f ow equations by a Lagrange multiplier Ψ T and adding it to the variation of cost function to eliminate the explicit dependence of δI on δW by setting
which is recognized as the adjoint equation. We then have
where G is the gradient and
The optimization problem is then reduced to solving the NavierStokes equations and their corresponding adjoint equations to obtain the values of Ψ. The gradient can then be easily and effciently computed by using Eqn. (13) even for a large number of design parameters because the computational cost depends only on that for the perturbation of geometry. Once the gradient is determined the steepest descent method is used as the optimization algorithm in the present study. In this paper, the cost function is def ned as an integral at the exit cross section. A weak form of the Navier-Stokes equations
where
. Adding Eqn. (14) to the variation of cost function, we have
where C is a scalar function of both f ow variables and geometric variables and depends on the def nition of the cost function. The term δC is divided into two terms, δC f which denotes the f ow variation term, and δC g which denotes the geometry variation term. δC f can be used to determine the boundary conditions for viscous adjoint equations and thus be eliminated in the cost function. Finally, the variation of cost function can be written in a simplif ed form:
where δI g denotes the variation of cost function due to geometry variation. The subscript IOF denotes the inlet, outlet and far f eld boundary and W denotes wall boundary. The adjoint equations and gradient formula are given in Appendix A in detail.
In performing the derivations of the adjoint equations of the present study, variations of the viscosity µ and thermal conductivity k including their turbulent contributions are neglected. This is acceptable since we assume the variation of the f ow f eld is small within each design cycle. In addition, we expect the f ow to be relatively well-behaved since we are seeking an optimized design so that the dependence of the turbulence eddy viscosity and heat diffusivity on the f ow f eld is relatively weak. Notice, that both the viscosity and thermal conductivity are updated after each design cycle when the Navier-Stokes equations and the turbulence model equations are solved again with the updated geometry. Therefore, the f ow solutions will converge with the correct turbulence parameters once the design reaches an optimum.
RESULTS AND DISCUSSION
Three design optimization studies are performed relative to the base reference design geometry. The inlet and outlet bound-ary conditions are not changed from the base design. All three design cases seek to minimize the entropy increase through the bladerow. The cost function is def ned as a combination of entropy generation per unit mass f ow rate and a penalty function.
whereβ is the mass-averaged f ow turninḡ
β 0 is the mass-averaged f ow turning of the reference blade and is here selected as the target. β is the f ow turning on each cell face at the exit, which is computed as the inverse tangent of the tangential velocity to the axial velocity. A proper value of the coeff cient Λ in front of the penalty function must be selected to enforce the exit f ow angle constraint.
We f rst seek improvement by changing the spanwise distribution of the stagger angle of the base blade prof le. The approach, however, is found to be of limited benef t for this blade. Therefore, in the second case, we allow modif cations in both the stagger angle and the blade prof le. Finally, we investigate the effect of end-wall contouring.
A. Re-staggering the Blade Along Span
The stagger angle of each blade section plays an important role in determining the f ow turning at the spanwise location and thus the secondary f ow loss. We thus seek a spanwise stagger angle distribution of the original two-dimensional blade prof le that minimizes the entropy production of the blade row while maintaining the same average exit f ow angle of the original base design. There are 49 design parameters, representing the stagger angles of the 49 blade sections in the grid. The coeff cient of the penalty function Λ in the cost function is chosen to be 50 for this case. After 20 design cycles of this case, the mass-averaged total pressure at the exit is increased by 0.017%, corresponding to a 0.052% increase in adiabatic eff ciency. The average f ow turning is kept the same. As expected the secondary loss is decreased by about 3.99%. However, the prof le loss of the redesigned blade is increased by about 2.28%. Figure 5 shows the change of stagger angle distribution along the span. The stagger angle decreases from 5 to 25 percent of the span, while it increases under 5% of the span and near the midspan to ensure the f xed average f ow turning. The exit f ow angle distributions for both the reference and redesigned blades are shown in f gure 6, which are consistent with the variation of stagger angle distribution. Such a stagger angle distribution has the effect of smoothing the loading in the spanwise direction and hence inhibit the generation of secondary f ow. The secondary loss of the redesigned blade is noticeably reduced from 5 to 15 percent of the span as shown in Fig. 7 . The prof le loss is def ned on the assumption that the f ow at the midspan is regarded as two-dimension. The f ow in this blade row is subsonic. Therefore, the prof le loss is purely due to viscous losses in the boundary layer over the blade. Increased stag- ger angle increases the local loading and thus the f ow turning at the given spanwise location. The increased loading increases the prof le loss similar to the f ow around an airfoil where an increased angle of attack leads to higher f ow loss. Figure 8 shows the exit total pressure distribution along the span. The total pressure is slightly decreased at the midspan because of the increased prof le loss with the increased local stagger angle. The total pressure across the blade row is increased from 5 to 15 percent of the span because of the reduced secondary loss as shown in f gure 7. The reduction of secondary loss more than compensates the increased prof le loss, bringing about the slightly improved average total pressure value of the redesigned blade row.
B. Modifying the Blade Shape Combined with Restaggering
The above subsection demonstrates positive but small gain in performance of the blade row by only re-staggering the blade along span. Similar to a previous work by the present authors [24] , the blade can be redesigned with both change of blade prof le and re-staggering. Modifying the blade shape can signifcantly change the loading and therefore the development of the secondary f ow. The Hicks-Henne shape functions adopted in our previous work [24] are used to modify the shape of the blade sections. A value of 20 is used for Λ in the cost function. Figure 9 presents the change of the stagger angle by the redesign. The stagger angle increases from the hub to 5% span and decreases from 5% to 50% span. As in the previous design case, this trend of stagger change reduces the secondary f ow loss. Unlike the result of the above case, however, the stagger angle near the mid span of this case is not required to increase on introducing simultaneous modif cation of the blade prof les. In fact, it Figure 10 shows the exit f ow turning distribution of the four different blades. Compared to the reference blade, The stagger angle change increases the exit f ow angle in a narrow region between the hub and about 20% blade height, but increases the f ow angle in the larger mid-height range, resulting in an increased average exit f ow angle. In order to satisfy the f xed average exit f ow angle condition, the shape modif cations has the effect of decreasing f ow angle from hub to 20% span and increasing it from 20% to mid span. Figure 11 presents the secondary f ow loss distributions along the span. Figure 12 plots the exit total pressure of the four blades. The breakdown of the different losses for the four blades are listed in Table 3 . Both the blade shape modif cations and stagger angle change reduce the secondary f ow loss, bringing about a signif cant combined reduction of the secondary f ow loss by the re-designed blade. The stagger change slightly reduces the prof le loss because of the overall reduced f ow angle. The prof le f le change, however, increases the prof le loss in the process of bringing back the exit f ow angle to satisfy the constraint. The combined effect still increases the prof le loss, but is compensated by the larger improvement in secondary f ow loss. Overall, a 2.33% reduction in total pressure loss compared to the reference blade is achieved with the combined optimization. Figure 13 presents the isentropic Mach number on the blade surface at 10%, 20%, and 30% of blade height. Compared to that for the reference blade, the loading of the redesigned blade is decreased from 20% to 55% axial chord in all of the three spanwise stations. At the 20% and 30% of blade heights, the loading increases from the leading edge to about 20% axial chord because of the larger suction on the suction surface, and then again from 55% axial chord to the trailing edge due to the increased pressure on the pressure surface. At the 10% height near the end wall, however, the redesigned blade reduces loading in the 20% to 60% axial chord range without increasing loading in other parts of the blade length. The reduced loading means a smaller pressure gradient near the end walls and therefore inhibits the generation of secondary f ow and consequently reduces the secondary loss. Table 4 and Table 5 list the secondary and total losses, respectively, at the 50%, 100%, and 150% axial chord locations from the leading edge for the reference and the redesigned blades. At 50% axial chord, the secondary loss is reduced by 11.3% because of the reduced sectional loading near the end walls. However, the reduced loading resulted reduced f ow turning, which must be compensated by increased loading away from the end walls, giving rise to increase prof le loss. The total loss decreases for the designed blade except at the location of 50% axial chord. At this location, the secondary loss decreases due to the reduced pressure gradient in the pitchwise direction. However, the prof le loss increases due to the increased loading at mid-span. As the f ow goes further downstream, the reduction in secondary f ow loss catches up with the increase of prof le loss. 
C. Endwall Contouring
For low aspect ratio blades, the secondary loss involves a considerable part of the total loss. Much research has already shown that non-axisymmetric contouring of the endwall prof le is effective in reducing the secondary loss. The basic mechanism is to modify the pressure gradient in the pitchwise direction, as discussed by Dossena [11] and Sonoda [3] . This test case demonstrates the use of the optimization method in determining the best end wall contours for the given f ow conditions. No blade shape nor stagger angle changes are considered at present. The value of Λ in the cost function is 5 for this case.
Perturbations are added on the base endwall contours in the form of a Fourier summation of 4 harmonics: (17) where s 0 is the local pitch. Compared with the perturbation adopted by Corral [26] , an equivalent perturbation is not required for the blade surfaces and consequently there are more potential prof les for the redesigned endwalls. The endwall contours are applied symmetrically at the hub and casing for this linear cascade test case. Figure 14 shows the total pressure and entropy generation of the blade row versus design cycles. Within 16 design cycles, the total pressure increases by about 0.09 of a percentage point. Figure 15 shows that the exit f ow angle keeps very close to that of the reference blade and the maximum difference is only 0.04 degree. It means that the constraint is strictly enforced in the design process. The mass f ow rate, however, is increased by about 0.25 of a percentage point due to the reduced loss and thus viscous blockage. This is an added benef t of the optimized blade row. Figure 16 and f gure 17 show the total pressure and adiabatic eff ciency distributions in the spanwise direction for both the reference and designed blades at the outlet plane. The total pressure of the designed blade increases at the spanwise locations from 5 to 10 percent and from 25 to 50 percent. Notice that the total pressure of the designed blade remains nearly the same at the midspan. This implies that the prof le loss is the same as that of the reference blade. Figure 18 shows the exit f ow angle distributions along the span at the outlet. The exit f ow angle is decreased from 5 to 20 percent but is increased in the rest of the blade height to maintain an unchanged average exit f ow angle. Figure 19 shows the secondary loss distribution along the span. Compared with the reference blade, the secondary vortex of the redesigned blade migrates to the endwalls and the secondary loss decreases on the blade sections where the designed total pressure increases as presented in f gure 16 . Figure 20 shows the three dimensional contoured endwall prof le of the hub from the leading edge to the trailing edge. Figure 21 shows the modif ed endwall prof le on f ve different specif ed pitchwise locations. The J=01 line corresponds to the pressure surface, while the J=41 line corresponds to the suction surface of the blade. The other grid lines are distributed in the f ow passage between the pressure and suction surfaces. The effect of the endwall contouring results in an effective convergingdiverging channel for the f ow passage between the blades. The channel convergence accelerates the f ow from the leading edge to the mid chord station. After that point, the f ow is decelerated because of the channel divergence. In the circumference direction, the endwall prof le near the suction side is contoured upward from leading edge to mid chord, while it is contoured downward on the rear portion. Such a modif cation of endwall prof le leads to reduced cross-passage pressure gradient towards the trailing edge. As shown in f gure 22, the pressure gradient in the pitchwise direction increases from 30% to 70% of axial L.E.
T.E.
P.S.
S.S. chord on the hub, while it decreases from 70% of axial chord to the trailing edge. The reduction of secondary f ow loss might be argued by the fact that the endwall contouring increases front load on the blade where the endwall boundary layer is still thin but increases the loading in the rear part of the passage where the endwall boundary layer becomes thicker. The inf uence of contoured endwalls weakens as one moves towards the mid span. The loading at 5% span of the redesigned blade is closer to that of the reference blade.
In order to visualize the development of the secondary f ow for both the reference and designed blades, the contours of streamwise vorticity and secondary loss in the planes located at three different axial locations are presented in the following pictures. These planes are normal to the axial direction. Figure 23 and f gure 24 present the contours on the planes located at 50% axial chord for both the reference. The subf gures (a) and (b) are for the reference and the redesigned cases, respectively. P.S. and S.S. in the f gures denote the pressure and suction sides, respectively. The positive vorticity in f gure 23 identif es the passage vortex, while the negative vorticity identif es the suctionside leg of the horseshoe vortex, which is usually swept by passage vortex [10] . The size and strength of passage vortex for the redesigned blade are almost the same as those of the reference blade. In f gure 24, the peak value of the secondary loss for the redesigned blade is slightly increased compared with that of the reference blade. However, as previously def ned, the secondary loss is referenced to the f ow loss at the midspan. In reality, from the results listed in Table 6 , the secondary loss is slightly reduced for the redesigned blade and the reduction is mainly contributed by the acceleration of the f ow. Figure 25 and f gure 26 present the contours on the planes located at the trailing edge, where the contoured endwall prof le is blended back to the original shape. The secondary f ow is fully developed at this location. The passage vortex moves toward the suction side along with the cross f ow in the boundary layer and totally sweeps the horseshoe vortex. From f gure 25, the passage vortex migrates toward the endwall and the size is reduced for the redesigned blade. The reduced pressure gradient in the pitchwise direction, corresponding to the deceleration of the f ow contributes to the reduction of secondary f ow. As shown in f gure 26, the peak value of secondary loss is much less and the secondary f ow is signif cantly conf ned. As shown in Table 6 , the secondary loss for the redesigned blade decreases by about 19.8%. Figure 27 and f gure 28 present the contours on the planes located at 150% axial chord, which is the measurement location in the experiments. Since it is far away from the trailing edge, the secondary kinetic energy has been considerably dissipated at this location. As shown in f gure 27, the strength of the passage vortex for both the reference and designed blades decreases. However, the size of the passage vortex of the redesigned blade is still reduced, compared with that of the reference blade. The vortex identif ed by the negative vortictity and located above the passage vortex originates from the trailing edge and is named as the trailing shed vorticity [10] or it is originates from the suction side and is named as the wall induced vortex [27] . In this design case, it is diff cult to reduce the strength of this vortex. There is only a little improvement in vortex size and strength for the redesigned blade. The two cores indentif ed by the negative vorticity and located near the endwall are recognized as the corner vortices, which extend in both pitchwise and spanwise directions. The strength of these vortices are signif cantly decreased for the redesigned blade. At the measurement location, the secondary loss decreases by about 11.7% as shown in Table 6 . Table 7 presents the total pressure loss at the selected three different axial locations. The reduction of the total loss, which consists of mainly prof le loss and secondary loss, at all the three locations show that the contoured endwall prof les can effectively conf ne the secondary f ow with the constraint on f ow turning.
CONCLUSION
A continuous adjoint method based on the Navier-Stokes equations is presented for the aerodynamic design optimization of turbomachinery blade rows. Gradient information of the cost function is obtained by solving the Navier-Stokes equations and their corresponding adjoint equations only once, independent of the number of design parameters. A base f ow solver incorporates the k-ω SST turbulence model uses a third order Roe scheme for the Euler part of the equations. A scalable wall function method is implemented in order to relieve the stringent grid requirement near walls. The f ow solver with the use of the wall function is validated for the turbulent f ow over a f at-plate and also for the f ow through the linear cascade under consideration for optimizatin by comparing the computed prof le and secondary f ow losses with measured data from experiments and the solutions on successively f ner grids with and without the wall function. Optimization studies are performed on a grid that shows near grid independent solutions. Three design optimization cases are performed with the common objective of minimizing entropy production through the blade row while maintaining a f xed average turning angle. The f rst design cases attempts to do so by restaggering the original blade prof le in the spanwise direction. An optimal spanwise distribution of the blade stagger angle is determine, which gives a slight reduction in the overall total pressure loss. The optimization attempts to reduce the turning in the near wall region but increases turning at the mid-span in order to maintain the same average exit f ow angle. The over-turning in the mid-span region increases the prof le loss, but for this low-aspect ratio blade, the reduction in secondary f ow due to restaggering dominates and therefore brings about a positive gain on overall eff ciency.
The second design case allows changes both in stagger angle and blade prof les. The separate and combined effects of the stagger angle and blade prof le changes are investigate. The stagger angle changes of the redesigned blade is responsible for a large portion of the reduction in secondary f ow loss, but it reduces the overall turning angle of the f ow. The modif cation of the blade shape, however, counter-acts the f ow turning changes due to restagger. In addition, the shape modif cation decreases the loading near the hub and hence inhibit the generation of secondary f ow. The combined effect of the restagger and prof le change signif cantly reduces the secondary f ow loss with only a small increase in prof le loss.
Finally, optimization by using endwall contouring is studied for this blade row. The automatic design optimization code produces a three-dimensional endwall shape that raises the endwall near the suction side of the blade before mid chord but lowers it after the mid chord position. This has the dual effect of accelerating the f ow and increasing the pitchwise pressure gradient in the front portion of the blade passage while doing the opposite in the after portion of the passage. The reduction in secondary f ow loss is achieved by incresing f ow turning when the endwall boundary layer is still thin and the f ow speed is high and then reducing the turning in the rear part of the blade where the endwall boundary layer is thick and f ow speed is low. 
Inlet and Outlet Boundary Conditions of Adjoint Equations
Since the cost function is selected as the same as that in the paper of present authors [24] , the inlet and outlet boundary conditions are the same. 
Viscous Wall Boundary Conditions
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